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Abstract 

We propose a manifestly U-duality invariant modular form for the D^TZ^ interac- 
tion in the effective action of type IIB string theory compactified on T"^. It receives 
perturbative contributions upto genus three, as weh as non-perturbative contribu- 
tions from D-instantons and (p, (?) string instantons wrapping T^. Our construction 
is based on constraints coming from string perturbation theory, U-duality, the decom- 
pactification limit to ten dimensions, and the equality of the perturbative part of the 
amplitude in type IIA and type IIB string theories. Using duality, parts of the per- 
turbative amplitude are also shown to match exactly the results obtained from eleven 
dimensional supergravity compactified on at one loop. We also obtain parts of the 
genus one and genus k amplitudes for the D^^TZ^ interaction for arbitrary k > 4. We 
enhance a part of this amplitude to a U-duality invariant modular form. 



^email: abasu@ias.edu 



1 Introduction 



It is an important problem to construct the low energy effective action of string theory. 
Not only does it yield valuable information about the perturbative and non-perturbative 
structure of string theory, but is also elucidates the role of U-duahty. The effective action 
of string theory can be constructed perturbatively in a', the inverse of the string tension. 
Of course there are also expected to be corrections which are non-perturbative in a' . Con- 
structing certain interactions in the effective action is sometimes tractable in theories with 
maximal supersymmetry. These special interactions are BPS, and receive only a finite 
number of perturbative contributions, as well as corrections due to various instantons. We 
shall consider the special case of toroidal compactification of type IIB superstring theory 
to eight dimensions, such that it preserves all the thirty two supersymmetries. 

Certain classes of BPS interactions in the low energy eight dimensional effective action 
are expected to satisfy non-renormalization theorems. For example, the D'^^TZ'^ interactions 
(at least for sufficiently low values of k), where /c is a non-negative integer, are expected 
to receive only a finite number of perturbative contributions, as well as non-perturbative 
corrections from D-instantons, and (p, g) string instantons wrapping T^. Here TZ^ stands 
for the tstsR^ interaction [1-3], and can be expressed entirely in terms of four powers of 
the Weyl tensor. The U-duality symmetry and maximal supersymmetry imposes strong 
constraints on these interactions. 

Type IIB superstring theory compactified on has a conjectured U-duality symmetry 
group SL{2,Z)u x SL{3,Z)m [4,5]. The complex structure modulus U of transforms 
non-trivially under SL{2, Z)u as 

U^^^ (1) 

where a, b,c,d & Z, and ad — be — 1. 

The S'L(3, Z)m factor of the U-duality group arises in a somewhat involved way. The 
theory has an SL{2, Z),- (S-duality) symmetry under which the complexified coupling 

r = n + iT2 = Co + ie-"^, (2) 

transforms as 

ar + b 

while the combination Br + rSjv transforms as 



Br + tBn ' \V 

cr + d 
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where Bn^Br) is the modulus from the NS-NS (R-R) two form on T^. It also has an 
SL{2, Z)t (T-duality) symmetry under which the Kahler structure modulus of 

T = Bn + iV2, (5) 

transforms as 

^ aT + b 

where V2 is the volume of in the string frame. It also acts on the complex scalar p 
defined by 

p = -BR + tTiV2, (7) 

as 

P 

P 



cT + d' 

while leaving the eight dimensional dilaton invariant. The SL{2, Z)r and SL{2, Z)t symme- 
tries can be intertwined and embedded into the 5*^(3, Z)m factor of the U-duality group. 

The part of the supergravity action involving the scalars can be written in the Einstein 
frame as (we are following the conventions of [6]) 

d'x^s{ - + \Trid,Md>^M-') + ...), (9) 

where the hat denotes quantities in the eight dimensional Einstein frame. In ([9]), M is a 
symmetric matrix with determinant one given by 

/ l/r2 n/T2 Re(5)/r2 \ 

M = ^j^^ |^|2/^^ Re{fB)/T2 , (10) 

\Re{B)/T2 Re{fB)/T2 l/z/+|5|Vr2/ 

where B = Br + tB^, and v = (t2V^^)^^. 

In the Einstein frame, where the metric is U-duality invariant, the coefficients of these 
protected D'^^TZ'^ interactions should be given by modular forms of the U-duality group, 
which are invariant under SL{2^'L)u x S'L(3,Z)Af transformations. Constructing these 
modular forms for toroidal compactifications of type II string theory and M theory that 
preserve maximal supersymmetry, and analyzing their non-renormalization properties have 
been worked out for some of these operators in various dimensions [6-23] (see [24, 25] for 
reviews). In eight dimensions, a modular form for the D'^TZ^ interaction has been proposed 
recently [26]. In this work, we shall propose a manifestly U-duality invariant modular form 
for the D^TV" interaction in the effective action. By this, we actually mean the 

{s' + e + u')'R'' (11) 
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interaction involving the elastic scattering of two gravitons. 
To summarize, we propose that modular form is given by 

+f{U, U) + ^E3/2(M)^^(3'^)Ei(f/, UY^^'^^\ (12) 

where Es{M)^^^^'^^ (Es{M~^)^^^^'^^) is the non-holomorphic modular invariant Eisenstein 
series of SL{3, Z)^^ of order s in the fundamental (anti-fundamental) representation. Also 
Es{U,U)^^^'^'^'^ is the non-holomorphic modular invariant Eisenstein series of SL(2,7j)^. 
These Einstein series satisfy the Laplace equation on the fundamental domain of moduli 
space. On the other hand, f{U, U) and i^(3/2,3/2)(^) are SL{2, Z)jj and 5*^(3, Z)j^ invariant 
modular forms respectively, that satisfy Poisson equation on the fundamental domain of 
moduli space given by 

AsLi2,^)J{U,U) = 12f{U,U)-6(^E,{U,U)y, (13) 

A5L(3,Z)<S^(3/2,3/2)(M) = 12^(3/2,3/2) (M) - ^(E3/2(M))'. (14) 

We begin by constructing the perturbative part of the modular form. Constraints com- 
ing from string perturbation theory, U-duality, the decompactification limit to ten dimen- 
sions, and the equality of the perturbative part of the amplitude in type IIA and type IIB 
string theories, lead us to propose the complete perturbative part of the modular form,^ 
This receives contributions only upto genus three in string perturbation theory. Using du- 
ality, we next provide evidence for some of these contributions by analyzing the one loop 
four graviton scattering amplitude in eleven dimensional supergravity compactified on T^. 

We next propose the exact expression for the modular form based on constraints of 
supersymmetry and the ten dimensional SL{2,Z)t- invariant answer. This provides the 
non-perturbative completion of the perturbative part of the modular form, and involves 
contributions from D-instantons, as well as from {p,q) string instantons wrapping T^. 
Analyzing one loop eleven dimensional supergravity compactified on T^, we also obtain 
parts of the genus one and genus k amplitudes for the D^^TZ'^ interaction for arbitrary 
k > 4. We enhance a part of this amplitude to a U-duality invariant modular form. We 



and 



^ Since the TZ"^ interaction involves the even-even spin structures only, the perturbative contributions 
have to be the same in the two type II string theories. Thus this part of the amplitude must be symmetric 
under the interchange of U and T, while the eight dimensional IIA dilaton goes to the IIB dilaton and vice 
versa. 
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also make some comments about generalizing our construction to toroidal compactifications 
with maximal supersymmetry to lower dimensions. In the appendices, relevant details for 
the Eisenstein series of 5'L(2,Z) and 5*^(3, Z), and the torus amplitude are summarised. 
They also contain a discussion about possible contributions to the modular form we might 
have missed, where we provide arguments that they should vanish. 

2 The perturbative part of the proposed modular form 

We begin by constructing the perturbative part of the proposed modular form. The low 
energy effective action for type IIB superstring theory in ten dimensions includes the inter- 
action (in the string frame) [21] 

S-^ltJ Av^(c(3)V2'^ + 2C(3)C(2) + 6C(4)e2'^ + ^C(6)e''^ + ...)D67^^ (15) 

where the . . . involve contributions from D-instantons. Thus from ( |T5l) . we see that the 
D^TZ'^ interaction receives perturbative contributions only upto genus three. Compactifying 
on of volume ¥21"^ in the string frame, this leads to an interaction in the eight dimensional 
Einstein frame given by 

Sr^ltJ ci^xv^(l-2e-^)'(c(3)V2^+2C(3)C(2)+6C(4)e2^+^C(6)e^^+...)^)67^^ (16) 
Thus the modular form for the D^TZ^ interaction must include, among other terms, 

(l^2e-*)'(c(3)2e-2<^ + 2C(3)C(2) + 6C(4)e2* + ^C(6)e^<^). (17) 
We first construct the perturbative part of the modular form. 

2.1 Constraints using string perturbation theory 

Let us consider the perturbative contributions to the D^TZ^ interaction. As mentioned 
before, by this interaction, we actually mean the term 

(s^ + e + u^)n^ (18) 

in the four graviton scattering amplitude. 

Consider the tree level and one loop amplitudes for this interaction using string per- 
turbation theory. The sum of the contributions to the four graviton amplitude at tree 
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level [1,3] and at one loop [3,27] in type II string theory compactified on is proportional 



-2<t> 



T{-i^s/m-i'st/m-i>/4) 



2tiI 



TV 



(19) 



r(i + /2,/4)r(i + /2t/4)r(i + />/4) 

where V2 is the volume of in the string frame, s, t, u are the Mandelstam variables , and 
I is obtained from the one loop amplitude. We are looking at the part of the amplitude 
involving the even-even spin structures, and hence the amplitude is the same for type IIA 
and type IIB string theories. Now / is given by 



T ^2 



(20) 



where T is the fundamental domain of SL{2,'Z), and d'^Q = dQdQ/2. The relative coeffi- 
cient between the tree level and the one loop terms in ( fT9l) is fixed using unitarity [28]. In 
fl20l) . the lattice factor Ziat which depends on the moduli is given by [29] 



-'lat 



E 



mi ,m2,ni ,n2b 



2 

A&Mat(2x2,Z) 



where 



- 27rzT(detA) - 



(1 U)A 



n 



2i 



T 



(21) 



(22) 



Also the dynamical factor -F(f2, Vt) in fl2U|) . which is independent of the moduli, is given 



by 



T 



n 

i=l 



(Xl2X34)'^'(Xl4X23)'^'*(Xl3X24) 



\iiu 



(23) 



In (!23|) . z/j (i = 1, . . . , 4) are the positions of insertions of the four vertex operators on 
the toroidal worldsheet, and 1/4 has been set equal to Q using conformal invariance. Also 
d'^Ui = dvf'dvl, where vf^ (z//) are the real (imaginary) parts of z/j. The integral over T is 
over the domain T = { — 1/2 < < 1/2,0 < z// < ^12}. Finally, lnx(z/j — Vj^Vt) is the 
scalar Green function between the points z/j and Vj on the toroidal worldsheet. 

Expanding (I2U1) to sixth order in the momenta, we get that 



[s^ + e + u^)[h + h] 



(24) 



^The calculation actually yields 7?.^ at the linearized level. 
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where 

" ^ / 7)2" / n 'TT^'^^^^^ ~ ^^^^^^^^ " ^^3! ^)x{^-i - ^3] (25) 

and 

/2 = / ^^.a* / n - ^2; (26) 

which can be depicted diagrammatically as in Figure 1. 



Figure 1: Schematics of the torus amplitude. 
In the expressions above, we have defined 

X{u, - uf,n) = x{y^ - yf,^) - ^ln|(27r)V2^(n)|'. (27) 

Thus we have removed the zero mode part of the scalar propagator, which does not 
contribute to the on-shell amphtude using s + t + m = 0. 

In ()25l) and fl2^ . note that the one loop contribution has been integrated over the 
restricted fundamental domain JF^ of SL{2, Z), which is obtained from JF by restricting to 
1^2 < L. This is necessary to separate the analytic parts of the amplitude from the non- 
analytic parts (see [30] for a detailed discussion). The integral over J-'l gives both finite and 
divergent terms to the amplitude in the limit L — > 00. The terms which are finite in this 
limit are the analytic parts of the amplitude. The parts which diverge in this limit cancel 
in the whole amplitude when the contribution from the part of the moduli space with 
Q2 > Lis also included. In addition to these divergences which cancel, the contribution from 
JF with Q2 > L also gives the various non-analytic terms in the amplitude. Keeping this in 
mind, we shall consider only the contributions which are finite in the limit L — 00 and drop 
all divergent terms. In the calculations, we shall see that the domain of integration JF shall 
often be changed to the upper half plane or a strip. Then truncating to J-'l to calculate 
the analytic terms cannot be done when the integration over J-'l produces divergences of 
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the form InL [30]. However, for our case there are no logarithmic divergences, and so this 
is not a problem for us. 

In calculating both Ji and /2, we need to add the contributions from the zero orbit, the 
non-degenerate orbits and the degenerate orbits of 5*^(2, Z) respectively [29]. 

(i) The contribution from the zero orbit involves setting A = in fl^Tl) . 

(ii) The contribution from the non-degenerate orbits involves setting 

^ = fn i) , (28) 



,0 

where k>j>0,py^Om (|2Tll . and changing the domain of integration to be the double 
cover of the upper half plane. 

(iii) The contribution from the degenerate orbits involves setting 

A-d!) (29) 



,0 p 

such that {j,p) 7^ (0,0) in fl2T!) . and changing the domain of integration to be the strip 
< ^2 < i^, l^^il < 1/2. 

The details of the calculation of Ji and 12 are given in the appendix. This gives us 

i, = -^i?3(t/,f/)"^(^'")i?3(T,f)^^(2'^), 
t ^ ^E3(t/,f/)^^(2,Z)^^^y^^)5L(2,Z) 



327r6" 

+ ^C(2)C(3)(^i(f/,f/)''''(''^) +^i(T,f)^^(2,z)y ^3Q) 



327r3 

Thus the total amplitude in (IT^ gives 

C(3)2e-2<^r2 + ^Es{U, Uf'^^''^^EsiT, f )^^(2,z) 

+C(3) (Ei(f/, t/)^^(2,Z) ^ j^^^j.^ ^)SL(2,Z) j j ^6(^3 ^ ^3 ^ ^3)^4_ (3^) 

2.2 Constraints using U— duality and the decompactification limit 

Having obtained the tree level and the one loop contributions to the scattering amplitude, 
we now show how U-duality and the decompactification limit constrains the perturbative 
structure of the modular form. Now (13T|) leads to the term in the effective action in the 
Einstein frame given by 

+C(3)(^Ei([/,[/)^^(''^) + Ei(T,f)^^(2,z)jj^6^4_ ^32) 
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Thus the tree level and the one loop contributions to the modular form are given by 

+C(3)(Ei(f/,f/)^^(2,z) ^^^(y^^)SL{2,z)jj_ (33) 

Note that the U dependent parts of the modular form in fl5^ involving E^{U, jj"jSL{2,z) 
and EiiJJ, JJ)^^^'^''^^ are SL{2, Z)^/ invariant. Thus whatever multiplies these terms must be 
5'L(3,Z)jv/ invariant. Thus in (l33l) . the two expressions 

T^V2E3{T,ff^^^^^^ (34) 

which multiplies E3{U,U)^^^'^'^\ and 

tIV2 (35) 

which multiplies Ei{U,U)^^^'^''^\ must both be enhanced to invariant modular forms of 
SL{3, Z)m- Such modular forms need not be simple expressions involving Eisenstein series 
of SL{3,7j)m- For example, the modular forms for the TZ^ and the D^TZ^ interactions 
in ten dimensions are given by Eisenstein series of SL{2, Z),- which satisfies the Laplace 
equation on the fundamental domain of SL{2, Z)^, however, the modular form for the 
D^TZ'^ interaction is more complicated, and satisfies a Poisson equation on the fundamental 
domain of SL{2, Z),-. However, we now argue that there are simple and natural modular 
forms of SL{3, 'L)m to which and ( l35l) can be ehnanced to. 

In order to motivate natural candidates for these modular forms, from (l33ll note that 
the genus g contribution to the perturbative part of the modular form involves (r|V2)^~^. 
Given the structure of the perturbative contributions to Es{M)^^^^''^^ which follow from 
f ll38p . we see that the possible choices are severely restricted. In fact, there are only two 
possibilities: 

(i) E_^/2iM)^^^^'^^ which contributes at genus one and three, and 

(ii) E^/2{M)^^^^'^^ which contributes at genus one and two. 

The only other possibility based on the t|V2 dependence is E-q/2{M)^^^^''^^ which con- 
tributes at genus zero and five. However the tree level contribution is proportional to 
{T2V2Y Eq{T ^T)^^'^'^''^\ which is inconsistent with the known tree level amplitude. 

In fact, from f ll38p . we see thatQ 



i^-3/2(M)S^'^) = ^(r,V,)" + ^r,V,E3(r,T)^^(^'-), (36) 



*We use C(-3) = 1/120. 
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which has a genus one contribution involving flMl) . where we have also used the relation 
f ll30p . Also we have that 

E3/2(M)S''^) = 2a^)TlV, + 2Ei(T, ffW)^ (37) 
which has a genus one contribution involving ([35]). This suggests a natural enhancement 

C(3)r,V2Ei(f/, f/)^^(^'^) ^i^3/2(M)p^,^,f '")Ei(f/, f/)^^(^-^). (38) 
Thus ( 133|) gets enhanced to 

C(3)'(r2V2)' + C(3)r2V2i5i(T,f )^^(2,z) ^ 1 j^^^^^j "^^^^^^ ^)5L(2,z) 

+f i5^-3/2(M)^S^'^)E3(f/, f/)^^(^-") + lE,/,{MCf'^^E,{U, Ur^^''^\ (39) 

where we have added the term involving (r|V2)^^-E3(T, T)"^^*^^'^^ by hand. This is a genus 
three contribution and has to be added to ensure the perturbative equality of the type IIA 
and type IIB scattering amplitudes, for reasons explained before. 

However as we shall explain below, (!39|) cannot be the complete perturbative part 
of the modular form, because it does not give the correct perturbative contributions on 
decompactifying to ten dimensions: the genus two contribution vanishes as we shall shortly 
explain, contradicting (ITSll . We thus add a term 

f{T,f) + f{U,U) (40) 

by hand to (l39l) . where f(T,T) {f{U,U)) is invariant under SL{2,Z)t {SL{2,Z)u) trans- 
formations. This yields a genus two contribution, and is also manifestly symmetric under 
interchange of T and U. We shall fix f{T,T) later. 

Thus adding (l39l) and (HOj) . we propose that the complete perturbative part of the 
modular form is given by 

asr{T^V,y + aS)r^V,MT,Tr^(''^^ + f{T,T) + l{r',V,y'E,iT,Tf^^''^^ 

+f{U, U) + ^{E_y,{Mf^^}^'^^E,{U, f/)^^(^'-) + ii?3/2(M)S''^)Ei(f/, Ur^(^'^\Al) 
Thus, converting to the string frame, we see that (|4TI) yields the contributions 
genus : C(3)^ 

genus 1 : ^E,{U, U)'"^^^'^^ Es{T, ffW) + ^(3) (^e^^u, Uf^i^'^^ + E,{T, f )^^(2,z) j ^ 
genus 2 : Ei(f/, f/)^^^^,^)^^^^^ ^)5L(2,z) ^ f(^T,f) + f{U,U), 

genus 3 : ^ (^3(^7, t/)^^^^'^) + E^iT, f )^^(2'^)) , (42) 
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and so the perturbative part of the amphtude is the same in type IIA and type IIB string 
theories. 

We now show that in ten dimensions, (|4T1) without the /(T, T) + f{U, U) term, gives all 
the contributions in f|T5l) except the genus two contribution. We first decompactify to nine 
dimensions by defining 

T2 = r^TB, U2 = — , (43) 
tb 

where r^o is the direction that is being decompactified. Here r^o and tb are the radii of 
in the string frame. Now let us take the limit r^o —>■ 00, so that T2, U2 00. This leads to 
the nine dimensional interaction 

l! I rf\v^[(r5e"2<^)C(3)2+{i^C(5)C(6)(r| + ^)+2C(2)C(3)(r5 + ^)} 

+4C(2)2(rBe-^^)-i + ^C(6)(rBe-^^)-^ (r| + \)\D'n\ (44) 

where we have set Ig f d^x^—g^r^ = J (fx^—g^. We have dropped a term that diverges 
in the nine dimensional limit. This term comes from the genus one amplitude and is given 
by 

f^Cmi j d'x^,rlD^n\ (45) 

This term is only one of an infinite number of such diverging terms coming from the infinite 
number of analytic terms. These diverging terms as well as the non-analytic terms must 
add up to give the massless threshold singularity in nine dimensions, and hence do not form 
a part of the D^TZ^ interaction in nine dimensions. Clearly because the infinite number of 
divergent terms must add to give the threshold singularity, every divergent term must be 
independent of the dilaton, and hence must come from the decompactification limit of the 
genus one amplitude only. The fact that there are no divergent terms from the higher genus 
amplitudes is a consistency check of our proposal. Also, note that the one loop amplitude 
in (jHj) precisely agrees with string perturbation theory [31], providing a non-trivial check 
for our proposed modular form. 

Finally, taking the limit tb ^ 00, we get the term in the ten dimensional effective action 



It I Av^(c(3)2e-2* + 2C(3)C(2) + ^C(6)e^<^)D^7e^ 



(46) 



where we have set Ig J d^x^—g^TB = j d^^x^—g. We have dropped a divergent term given 
by 

;C(5)C(6)/^ j d'\^riD'n\ (47) 



15 



7r4 
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Apart from the genus two term, fj46|) precisely matches f|T5|) providing some more evidence 
for the perturbative part of the modular form. Dropping the /(T, T) + f{U,U) term in 
(l42l) . note that the ten dimensional contribution comes entirely from the terms which are 
independent of U in P2|) . 

Finally, let us consider the divergent term flTTI) . This has been computed directly in 
ten dimensions in [15], where it was shown that the divergent term and the genus two 
contribution together is proportional to 

^C(4)e^<^" + ic(5)r|. (48) 



This is exactly what we get by adding the genus two contribution in fH6|) and the divergence 
in (H7|l [^. upto an overall irrelevant numerical factor of C(6)/3C(4). This provides another 
strong check of our proposal. 

3 Evidence using eleven dimensional supergravity at one loop on 

We now provide some evidence for the perturbative part of the proposed modular form 
by considering the four graviton scattering amplitude in eleven dimensional supergravity 
compactified on T^. Of course eleven dimensional supergravity cannot give the complete 
answer. There are extra contributions due to membrane instantons wrapping the T^. This 
will give contributions depending on the Kahler structure modulus in type IIA, and complex 
structure modulus in type IIB string theory. So the supergravity analysis will miss such 
contributions, and we shall see that it yields the leading U2 behavior of some of the terms, 
which arise while going from the M theory to the string theory coordinates. 

In order to look at the supergravity contributions to the D^TZ^ interaction, we need to 
go beyond the one loop amplitud^. Two and three loop contributions (and possibly higher 
loops as well) also contribute to the amplitude [15,32-34] which we shall not discuss. We 
shall see that the one loop supergravity amplitude coupled with the genus zero string theory 
amplitude will give us some of the terms in our proposed modular form. 

So let us consider one loop supergravity in eleven dimensions compactified on T^. Apart 
from the overall kinematic factor which contains the spacetime dependence, the calculation 
simplifies and boils down to a box diagram calculation in scalar field theory with cubic 



^We also use C(4) = 

^In this section, loops refer to spacetime loops in eleven dimensional supergravity on T^. We shall refer 
to the worldsheet expansion of string perturbation theory as the genus expansion. 
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interaction, essentially because of supersymmetry. The four graviton amplitude is given 

by [15,35-37] 

A, = T) + 1(3, U) + /(f/, T)] , (49) 

where K involves the TZ^ interaction at the hnearized level, and 

I^S,T) = ^ — dujJ duo J duo, V e~^"'^'-^'^/'"^«(^'^^->, (50) 

'll»^3 Jo Cr Jo JO JO {/i /T/g} 

where (^(•S', T; cj^.) = —Suoi{uo^—uo2)~T{uo2—uoi){l~uo^^^ Here V3 is the volume of in the 
M theory metric. Denoting the torus directions as 1, 2, and 3, we choose Gn = R\i to be 
the metric along the M theory circle, thus -Rn = e^*^"*/^. Though we need the {s^ +t^)TZ'^ 
term, we shall later find it useful to extract a part of the momentum independent amplitude 
from (H9l) in order to fix normalizations. This is given by 

" ^ ^ ^ " (27r)ii llVs X a ^ ' 
^ ^ 11 3 JO {hMM 

nf^K 4 f°° da sr^ ^Gjjiiijil 
n 



e ^ , (51) 



(27r)ii Jo 

where we have done Poisson resummation using (11411) . Considering the /i 7^ 0, ^2 = 4 = 
piece, ( I5TI) gives [9] 

^4(5 = T = f/ = 0) = pC(3)e-2<^" + ...]. (52) 

Let us now focus on the (s^ + + t^)TZ^ interaction, which is contained in the analytic 
part of fl50l) . The relevant expression is given by [26] 

9 4/^3 poo 

" ai,/2,«3)^(o,o,o) 



ST 



3! 

ai,«2,i3)^(0,0,0) 



POO 

V / dffv^e-"^^^'^'-''"/", (53) 
- , Jo 



where 



/I ruJa i-uJ-z . . ; 

duo'i J du02 J duJi\^- Q{S,T;uJr)j 



^^{isH + se) + 3is^ + t^)). (54) 



''Note that a has dimensions of (length)^ 
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We are interested only in those terms in fl53|) that lead to the perturbative string con- 
tributions given in the previous section. There are two contributions to this: 

(i) the (/2,4) = (0,0), fi 7^ part of (!53l) . which we call I{S,T)l^^i, and 

(ii) the (hjs) 7^ (0,0), /i = part of fl53l) . where we have undone the Poisson resum- 
mation over li to go to Zi, which we call I{^^'^)'iiiai- 

Proceeding along the lines of [26], we get that 

r9 



where we have used C(~3) = 1/120, and 
where we have used the IIA string frame metric 



9i-l,j-l — ^11 [yij 



where i,j = 2, 3. Using 



we get that 



-^(•S*, ^)anal 



4 



47rV / 



3! Vi?n, 

Thus adding (155|1 and (!59|) . we see that the perturbative part is given by 

.9 . 4^4 



Finally, using 



;3 20^ + ^(7-4)2^ (^A jjA^SW) f ill 

135 " 31 V 2 ; 3v , ; yj^^^ 



GsT + GsU + ^E^T 



60 



(s-" + r + 



we get that 



(55) 



(56) 



(57) 

(58) 
(59) 

(60) 
(61) 



A. 



7r^C(3)e-'<^ + 



(62) 

where we have used lu = e'^ ^^Ig- 

In order to fix the genus zero contribution, we note that the tree level amplitude is given 

by 

C(3)^ 



T^-^*" (C(3) + f^itis' + t' + u') + ...)n\ 



(63) 
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Thus given the genus zero TZ^ interaction in fl62l) . we can also deduce the precise coefficient 
of the (s^ + + u'^)TZ'^ interaction at genus zero. This contribution has to come from the 
two loop four graviton amplitude. 

This leads to terms in the IIB effective action in the string frame 



(64) 

These are contributions at genus zero, one and three respectively. Given the U2 depen- 
dence and the perturbative equality of the type IIA and type IIB amphtudes, it is natural 
to guess that a part of the amplitude with the complete U dependence is 



2-96 



I ci\v^[c(3)V2^\/2 + ^£;3(T,f)^^(2'^)E3(f/,f/)' 

where we have used C(6) = 7r^/945. This precisely matches some of the terms in (H2|) . 
4 The expression for the exact modular form 



Given the expression fl4T|) for the perturbative part of the modular form, it is natural to 
propose that the exact expression for the modular form is given by 

+f{U, U) + \E,/,{Mf^^'^^)E,{U, uY^i^.^\ (66) 



whert ^ 



2 



^(3/2,3/2) (M)pert = a^)\rlV,) +a^)TlV,E,{T,Tf^^'^^) 

+/(T,T) + ^-{TlV,y' E,{T,fY^^^^^\ (67) 

We now construct f{T,T) , and also obtain the non-perturbative completion of (l67I) . 
Now, the modular form i^(3/2,3/2)(T, ?") for the D^TZ'^ interaction in ten dimensions satisfies 
a Poisson equation 

A5L(2,Z)^^(3/2,3/2)(T,r) = 12£:(3/2,3/2) (^, t") - 6 (^3/2 (t, f )) (68) 



^Using (|142p . we could also use the relation £:_3/2(M)^-^(3,z) ^ ^^^^j-1)SL(3,z) ^ 
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on the fundamental domain of SL{2, [21]. The source term in fl68|) is the square of the 
modular form for the 7?.^ interaction, which can be understood based on considerations of 
supersymmetry. Because SL{2,'L)r C SL(?),'L)m^ and the U dependence in the expression 
f l66l) is already fixed, it is natural to propose that i^{3/2,3/2)(^) satisfies a Poisson equation 
on the fundamental domain of 5'L(3, Z)j\/ given by 

AsL(3,Z)^(3/2,3/2)(M) = a^(3/2,3/2) (M) + /3 (^3/2 (M)) (69) 

where a and (3 are numbers. Again, the source term in ( l69l) is the square of the modular 
form for the TZ'^ interaction in eight dimensions [6] . 

Let us first consider the perturbative content of fl69l) . We use the relation 

where fi = t|V2 is the eight dimensional dilaton. Now (170]) can be obtained based on 
symmetries alone. From (1671) . we see that every term in the perturbative part of £^(3/2,3/2) (M) 
is of the form fi'^gk{T,T), where gk{T,T) is SL{2,X)t invariant. Thus A^^j^^g^^ must have 
the form 

^llkz) = ^lA5L(2,Z)^ + + ^S/i^, (71) 

where ^1,^2, and ^3 are numbers. In order to determine them, we act with A^'j^^g^^ on 
Es{M)'^^^^ which is given by the first two terms in fll38p . such that A^'j^'g ^^£'s(M)^*j^*3 = 
2s(2s/3 - l)Es{M)fl^^^^^y The first term in (fT38D gives 6 = 3,^3 = 0, while using ffrilD . 
we see that the second term in (I138p gives ^1 = 1, leading to (ITUjl . 
Using dZOD, dHZD and 

^3/2(M)pert = 2/iC(3) + 2E,{T, fyW)^ (72) 
we see that (169|) gives us the set of equations 

a 4 

a + 4/? = 6, a + 8^ = 0, ^ = ^, (73) 

and 

AsL(2.zv/(T,f) = af(T,f) + il}(Ei(T,f))'. (74) 

Here we have used the relation » for , = 1 and , = sg 
So (1751) is solved by 

a = 12, (3 = (75) 



^We use the relation /S.s^2,i)^Ei{T ,T) = for the unregularized expression. 
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thus (I74|) reduces to 

AsL(2,z),/(T,T) = 12/(T,f) -6(i^i(r,f))'. (76) 
Thus ( 176|) gives us the equation for /(T, T) (and /(f/, f7) as well), while (169|1 reduces to 

A5L(3,Z)^{3/2,3/2)(M) = 12^(3/2,3/2) (M) - ^(E3/2(M))', (77) 

thus giving us an exphcit equation satisfied by the modular form £^(3/2,3/2) (M). Note that 
the solution of the homogeneous equation AsL{3,Z)h{M)sLi3,z)iM) = 12h{M)sL{3,Z}{M) 
(which is the Eisenstein series Es{M)sl{3,z) for As/3 = 1 ± vTf) cannot be added to a 
particular solution of (1771) simply because this is inconsistent with the structure of terms 
obtained using string perturbation theory. 

We next understand the structure of /(T, T) is more detail. 

4.1 Understanding the structure of f(T,T) 

The structure of (1761) is very similar to ( l68l) . which has been analyzed in [21], and our 
analysis is along similar lines. In (1761) we substitute 

/(r,f) = /o(T2) +5^/,(T2)e2-^^^^ (78) 

Here /o(72) receives perturbative contributions from the zero worldsheet instanton sector, 
as well as non-perturbative contributions from world sheet instanton and anti-instanton 
pairs of equal and opposite NS-NS charge. On the other hand, the remaining part of 
( 1781) receives contributions from world sheet instantons of non-vanishing NS-NS charge. 
Substituting the regularized expression for Ei(T,T) given by ( I133p . we get the equation 
satisfied by /o(T2) 

(t|^ - 12)/o(T2) = -6[(2C(2)T2 - 7rlnT2)' + An'J^f^'ik, l)e-^-l'=l^^] . (79) 



5T| 
Now writing 



fe^o 



/o(T2) = /o(T2) + 5^^(T2)e-^'^l'=l^^ (80) 



where /o(72) is the contribution from the zero worldsheet instanton sector, and fk{T2) is 
the contribution from the worldsheet instanton anti-instanton sector with vanishing NS-NS 
charge, from (1791) we get differential equations for /o(T2) and fk(T2). For /o(T2) we get 

^1 



(t|^ - 12)/o(r2) = -6(2C(2)r2 - vrlnT2)', (81) 
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which has the solution 



TC 



720 



2rTi2 



65 - 207rT2 + 48n^T. 



ttTs 1, ^ 1 

— - + -InTs 

3 2 12. 



A, 



(82) 



where Ai and A2 are arbitrary constants. We shall fix them soon. 
For /fc(T2), we get 



which has the solution 



To^f -SttIA;' 



+ (47r|A;|)' 



12 



fk{T2 



448 1 A; I %T| 



2A{An\k\T2 + l 



(47r|A;|T2) 



247r>^(A;, 1) 



3 +15 



^3) 



(84) 



Eif-x) 



1 

- + 

X 



dt- 



X > 0, 



5) 



where Ei(a;) is the exponential integral function. Using the relation [38 

we see that the last term in (184|) has the correct structure to be a worldsheet instanton 
contribution. 

For the worldsheet instantons with non-vanishing NS-NS charge, we get the equation 



2 ^ 9T| 



47r2/t2 
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UT2) = -247r(2C(2)T2 - 7rlnT2)/i(A;, l)e~2-l'=l^2 



-247r2 ^ /i(A;i, l)/i(A;2, i)e-^-^\^-\+\^-\)'^- 

fci5^0,A:2^0,fci+fc2=fc 



(86) 



which in principle can be solved iteratively by expanding in large T2. 

Substituting (182|) and the corresponding expression for /o(f/2) into (166|) . we can easily 
study the decompactification limit as before. Only the T2 term in the expression for fo(T2) 
(and the ?7| term in the expression for fo{U2)) contributes in this limit. In nine dimensions, 
in addition to (jUj) it also gives a term 



i7) 



where we have used C(4) = However, it also gives a divergent contribution 



Xill j (fxy/-gQ{rBe~ 
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which we shall return to soon. 

Further decompactifying to ten dimension, this gives an additional contribution to ( H6l) 
which is equal to 

6C(4)/^ J d^^x^e^'f'D^n\ (89) 

which precisely gives the missing genus two contribution in ( fTSl) . This is a non-trivial 
consistency check on our proposed modular form. 
Note that we can send 

/(T, f ) ^ /(T, f ) + XE^iT, f (gQ) 
for arbitrary A in (!76|l because 

E4(T,T)^^(2,z) satisfies the homo geneous equation 
A5L(2,Z)i?4(T,f )^^(2,z) ^ i2i?4(T,f)^^(2,z)_ ^9^) 

In the zero worldsheet instanton sector, this involves shifting the coefficient of the 
term 

Ai ^ Ai = Ai + 2AC(8), (92) 

and the term 

A2^A2 = A2 + ^AC(7). (93) 

o 

In the sector with world sheet instanton charge k, the extra terms are automatically solu- 
tions of the homogeneous equation in (l86l) . 

We now provide two arguments that we must set the coefficient of the term to zero, 
thus Ai = 0. From (188|1 . note that we get a divergent contribution with a non-trivial dilaton 
dependence. As discussed before, the divergences add to give threshold singularities, and 
hence must come only from the genus one amplitude. Thus it follows that Ai = 0. 

The vanishing of Ai can also be argued based on the factorization properties of the 
amplitude. Stripping off the eight dimensional dilaton factor from the various loop ampli- 
tudes, from ( H2l) . ( l82i) . and ( l92l) . we see that for large T2, the genus two amphtude goes as 
T2 + \iT2, while the genus one amplitude goes as T2. Now considering the degeneration 
limit of the genus two surface into two genus one surfaces as in Figure 2, we see that the 
large T2 limit of the genus two amplitude should scale no larger than T2, thus Ai = 0. 

Note that from (H2l) . it follows that the genus three amplitude at large T2 goes as T2. 
This is consistent with the degeneration limits described in Figure 2, when Ai = 0. 
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Figure 2: Degeneration limits of the genus two and genus three surfaces. 



We now proceed to calculate A2 along the lines of [21]. Multiplying ( |76l) by Ei{T, T)^^^"^'' 
and integrating over the restricted fundamental domain of SL{2, Z)t, we get that 



/ ^Ji^;4(T,T)^^(^'^)A,,(,,,)^/(T,f) = 12 / ^E4(T,T)^^(^-^)/(T,T) 

-6j^ '^^E,{T,fY^^^^^^{E,{T,T))\ (94) 



We have restricted the integral to be over J^l as the integrals diverge and we regulate them, 
and finally take L ^ 00. Integrating by parts, and using (!9T|) . from (p4l) we get that 

Using (!82l) with A2 replaced by A2, the left hand side of (p5|l yields 

C(8) ( - I4A2 - —L' - -L^ - —L^ + 2'K'LHnL - 47T^L\\nLf + —LHuL) . (96) 

Using the Poincare series representation for E^^'''^'^\ and the Rankin-Selberg formula the 
right hand side of (!95l) yields 

-a2fL' - 37rC(2)L4 - —L' + 12C(2)L^lnL - 47r2L3(lnL)2 + — 
5 9 3 



^(8)f - —C{2fL' - 37rC(2)L4 - — + 12C(2)L^lnL - An^L^lniy + — L^IuL' 
V 5 9 3 y 

-487r2C(8) / c/T2T|^/i2(A;,l)e-^"l'=l^^ (97) 

leading to 

^^ = l|^i:^ = >C(5)- (98) 
using an identity due to Ramanujan [39]. 
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4.2 Understanding the non— perturbative structure of i^(3/2,3/2)(^) 

Having understood tlie perturbative part of ^^(3/2.3/2) {M), let us focus on the non-perturbative 
part of £^(3/2,3/2) (^)- From fl77p . we can see what are the various kinds of non-perturbative 
contributions i^(3/2,3/2)(^) receives. This allows us to write 

^^(3/2,3/2)(M)„o„_pert = J2^fk{<P^)e'''"'^' + Uk{<P^)) + tOc^-'^^^ + Vk{<P^, T,)) 

+ Yl /^fc/0.>n)e'^^('=^^+'^«\ (99) 

where (pi = {Bm,V2,T2}. In (l99l) . fk{(t>i) involves charge k (single and double) D-instanton 
contributions, while gk{4>i,Ti) involves (single and double) {p,q) string instanton contribu- 
tions carrying R-R charge k. The hk^i{(f)i,Ti) term involves contributions from charge k 
D-instantons and R-R charge / {p,q) string instantons put together. Also Uk{(f)i) includes 
D-instanton anti-D-instanton contributions with total charge zero, which goes as e"^'^''^''^^ 
for large T2. Finally Vk{(f)i, Ti) includes {p, q) and (p', q') string instanton contributions with 
total R-R charge zero, which goes as e~^'^l^'^l^2 ^]-^g sector with only D-strings. 

From fl77|) . we obtain explicit differential equations satisfied by these non-perturbative 
contributions. Defining 

A = tI^, + v^dl^ + m^'d^). (100) 

we get that 

(A-47r2A;V2-12)/fc(0,) 

= -487rr2\/2(r2'V2C(3) + i?i(T,f)^^(2,z)j|^|^(^J)^^(27r|fc|r2) 

-9Q{TiT2V2f ^)Kk2, ^)K,{2n\k,\T2)K,{2n\k2\T2). (101) 

fci^0,fcl+fc2=fe 

Further defining 

m>0,m\k,l 

such that /i(fc, 0, s) = fi{k, s), we also get that 

(A + T^d^^^ - VilAn^kW^ + AmkndB^] - 12)(7fc(0i, n) = 



-247r(r2V2C(3) + Ei(r,f)^^(2,z)j ^ ^(fc, /, i)e-2-l'-'=-IV2+2..;B. 

I 



-247r2 Y /i(A;i,/i,l)/i(A;2,/2,l)e-'"(l'^-'=^"l+l'^~^^"l)^^+2"*('^+'^)^'^, (103) 

kij^0,li,ki+k2=k 
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and 

-967rV2l^2 ?)'"(^' l)^i(27r|/t|r2)e-''^l"^-'^l^2+''^'"^-^^. (104) 

m 

The remaining two differential equations are given by 

(A - 12)«fe(0,) = -96(7rr2l^2)'|A;| V(A:, ^)Kl{2T:\k\T2), (105) 

and 

(A + T|a2 -12)^;fe(0,,ri) 

= -2471^ ^ ^Ji{k, h, l)ll{k, k, l)e-M\h-'^r\+\h+kr\)V,+2niih+l,)B^_ (^gg) 
h,l2 

5 More predictions from eleven dimensional supergravity at one 
loop on 

We can generalize the calculations in section 3 to make predictions for some of the per- 
turbative contributions to the D'^^TZ^ interaction for arbitrary values of A; > 4. We show- 
below that we obtain parts of the genus one and genus k contributions to the amplitude. 
However, it need not be the case that the D'^^TZ^ interaction is protected for all values of k. 
The analytic part of the amplitude relevant for the D'^^TZ^ interaction is given by [26] 



11 '-\^(o,0,0) "^^ 

f , , , ,Jq 



ai,;2,/3)^(o,o,o) ' 



where 



A;! 



GIt = ^ dusj^ ' du;2 ^ ' o?u;i ( - Q{S, T; Ur)j ^ (108) 
Following the same steps as in section 3, the two perturbative contributions are given 

by 

HS,T)l,i = 47r2'=+5/2r(^^ - A;)C(3 - 2k)llt'e'^''-'^^"^'^, (109) 

and 

r)Li = ^-^^{T.^r'SlrEkiU^ C7^)^-(^'-). (110) 
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This leads to 



A, 



2^ 

k 



1111 



where 



= Glr + Glu + G'uT- (112) 

Now W'' contains all the possible 2/c-th power of the derivatives acting on TZ'^ consistent 
with the kinematical structure of the amplitude. This is unique upto k = 5, namely, for 
= 4, ~ (s^ + e + u^f, while for A; = 5, ~ (s^ + t^ + u^){s^ + + u^). For k = Q, 
there are two independent structures and so ~ (s^ + + u"^)^ + (s^ + + u^)"^, leading 
to two different spacetime structures for the D^^TV^ interaction. Thus when we mean the 
£)2fc-^4 interaction, we mean that these various possibilities have already been taken into 
account. Thus, fillip leads to terms in the IIB effective action given by 

-2ti 



L k 

+ V^, r(| - A;jC(3 - 2k){e-^'^ T^Y-\Uif\ D^'lZ''. (113) 

Given the perturbative equality of the amplitude in the two type II theories, and (11261) . it 
is natural to enhance the {U2Y factors to Ek{U^ ,U^)^^^'^''^\ and symmetrize in and 
T^. Thus (1113P gets enhanced to 



i2k 



{2k)\ 



L(27r)2fc-i|52fe|A; 
4r(A;+ i)r(A;- l)C(2A;-2 



7r2'=-3/2|52fe| 



(114) 



where we have used the relations [38] 

C(2fc) 



2k\ 



{2k)\ 



;ii5) 



where is a positive integer, are the Bernoulli numbers, the identity (11280 . and 

22x'-l/2 

r{2x) = ^ Y{x)Y{x^-). (116) 
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Thus from (11141) . we see that eleven dimensional supergravity gives predictions for parts of 
the genus one and genus k amplitudes for the D^'^TZ^ interaction, for arbitrary k. 

Thus from (1114^ . we see that at genus one, there is a contribution proportional to 
Efc(T^,f^)^^(2,z;)^^(^f/iJ^f;B)5L(2,z)_ Yoi low values of k, it is easy to see that there is 

such a contribution. For = 2, as shown in [26], this arises from the only diagram that 
contributes to the torus amplitude given by figure 3. 



Figure 3: Schematics of the D R torus amplitude. 

For A; = 3, from figure 1, we see that Ji gives such a contribution proportional to 
Es{T^ ,f^)^^^'^'^'> E3{U^ ,tJ^)^^^'^'^\ However, there is also another contribution from /2. 



Figure 4: Schematics of part of the D R torus amplitude. 

For = 4, again we can see that the part of the torus amplitude coming from the 
diagram in figure 4 is proportional to E4(T^, f ^b-j5L(2,z)_ r^j^^g ^^^^^ 

obtained by using the relation 

^ ' (m,n)^(0,0) ' ' ^ ' 

and generalizing the calculation of Ji summarised in Appendix B.l. However, just like in 
the k = 3 case, other parts of the torus amplitude should also give the same contribution, 
so the final numerical coefficient will be different. 

So from the discussion above, one can see that when the k points form a polygon 
with no internal lines, the integral over the vertex operator insertions is proportional to 
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0)"^^'^^'^^ while leads to the contribution predicted from supergravity. However, this 
topology is no more possible for k > 5, and so there is no particularly simple contribution 
to the torus amplitude that gives the answer. The various contributions must add to give 
the answer predicted from supergravity. It would be interesting to see this explicitly coming 
out of the torus amplitude. 

After converting to the Einstein frame, let us consider the dependent coefficient of 
the D2'=7^^ interaction in ffTTijl lH Since it involves f7^)^-^(2,z) ^Yiidi is SL{2,Z)u 

invariant, whatever multiplies it in the whole amplitude should be SL{3, 1j)m invariant. In 
fact, this contribution is given by 

7r|-B2fc| ^ 

+7^3/2-2^^(fc)(e-2'^"Tf)^•/3Efc(T^,f^)^^(2,z)^^^(^B^^B)SL(2,z) 



2T{k + i)r(| -^E,,^^^^Mf^^i^'^^Mu^, u^r^^'-^ 



n\B. 



2k\ 



tt\B. 



2k\ 



E,iM-Xe}r'E,iU^, U^fW)^ (118) 



on using (11421) . Extending it to the non-perturbative completion, we get the manifestly 
U-duality invariant modular form 



2T{k + \)T{l-k) 



2k\ 



Efc(M-i)^^(=^'^)Efc(f/^, ^^)5^(2'^). (119) 



Thus one loop supergravity and U-duality gives a prediction for a part of the complete 
modular form. 

Decompactifying to nine dimensions, we see that (11141) gives the interaction 



If-' j d'x^,[^a2k-l)T[k-]^[r 



B ^ ^2k-l 
' B 



D^^n^ (120) 



which contributes at genus one and at genus k. It also gives the divergent contribution 

47r 



k 



C{2k)lf-' / rf9xv^C"'/^''7^^ (121) 



"'^''The remaining part which depends only on must form part of an SL{3,'Z)m invariant modular 
form. 
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which leads to the threshold singularities. Further decompactifying (11201) to ten dimensions, 
this leads to the interaction 

which contributes at genus k, while the genus one contribution vanishes. It also gives the 
divergent contribution 

^a^k-l)T{k-l)lf-'J S\^grf-'' D''n\ (123) 
corresponding to the threshold singularities. 

6 Discussion 

We have made a proposal for the modular form for the D^TZ'^ interaction, and showed 
that is satisfies several non-trivial consistency checks. Some parts of the torus amplitude, 
however, have been constructed based on the perturbative equality of the type IIA and type 
IIB amplitudes, and some heuristic arguments. Calculating the full amplitude explicitly 
would be useful in verifying the proposal we make. 

Let us make some comments about the possible modular form for the D^TZ^ interac- 
tion in toroidal compactifications preserving maximal supersymmetry to lower dimensions, 
where the U-duality group is no longer reducible. The scalars parametrize the coset man- 
ifold = G/H, where G is a non-compact group, and H is its maximal compact sub- 
group [40,41]. The conjectured U-duality group is G, the discrete version of G. Thus in 
the Einstein frame the term in the supergravity action involving the scalars is given by 

5 ~ ^ y d^'^'xy^^^.Tiid^Md'-M-'), (124) 

where M parametrizes Ai. Based on the D^TV" interaction in ten dimensions as well as 
the modular form we propose, it is conceivable that the U-duality invariant modular form 
in lower dimensions is given by the solution of the Poisson equation on the fundamental 
domain of G given by 

Ag%2,3/2)(M) = Aif (3/2,3/2) (M) - A2 (^3/2 (M)) (125) 

where Ai and A 2 are constants. 
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7 Appendix 

A Expressions for the Eisenstein series 

In the section below, we write down explicit expressions for the Eisenstein series of 5'L(2, Z) 
and SL{3, Z) that are useful in the main text. 

A.l The Eisenstein series for SL{2,Z) 

The Eisenstein series of order s for SL{2, Z) is defined by 



rps 

^2 



where 



2C(2.)T| + 2^Tl-^ ^^'~^^^'^\ {2s - 1) 

+^ E |^^"'V._v.(2.T.h,.n.|)e-— ^ 
Vis) ^-^ I mo 

2C(2.)T2^ + 2V^Tt' ^^'~^^^'^\ {2s - 1) 

+^Trr ^ s)K,_,,,{2^T^\k\)e'^'''^\ (126) 

E J^i- (127) 

m>0,m\k 



Using the relations 



C(2. - l)r(. - 1) = 71^-3/2^^2 - 2.)r(l - .), (128) 

and 

K,{x) = K_s{x), (129) 

we see that 

r{s)Es{T, ff^i^'^) = 7r'-^r(l - s)Ei_s{T, ff^^^^^\ (130) 
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Now (I126p satisfies the Laplace equation 

A5L(2,z)i?s(T,f = 4T|^E.(T,f = - l)E,(T,f (131) 

on the fundamental domain of SL{2, Z)^. 

We shall need the expression for Ei{T, T)^^^"^'^^ in the main text. From (11261) . note that 
this diverges because ({1) is infinite, and thus needs to be regularized. We regularize the 
second term in (11261) by setting 1 — s = e and taking the limit e — > 0, where we also use 

C(e) = - + 7 + 0(e), (132) 
e 



where 7 is the Euler constant. Using an M5'-like regularization scheme, where we drop the 
1/e pole term as well terms involving the Euler constant, we get that (using ^(2) = 7r^/6) 

3 



+2nJT2 V I- '^Vi/2(27rT2|mn|)e2™^^ 
I n 



-n\n{TMT)\'), (133) 



where we have used 



K,dx) = y^e-^ (134) 

and the definition of the Dedekind eta function 

00 

rj{T) = e-'^/'^l[{l-e^^'''^). (135) 



k=l 



This yields the same result as in [29]. 

A. 2 The Eisenstein series for SL(3,'Z) 

The Eisenstein series of order s for SL{3, Z) in the fundamental representation is defined 
by 



27 



where rrii are integers, and the sum excludes {7711,7712,1713} = {0,0,0}. The integers m, 
transform in the anti-fundamental representation of SL{3, Z), and the matrix Mij is given 

by m- 

Using the integral representation 



'/^-k' dt ^ 



Tis) 



g-7r(lmi 



+m2T+m3B\'^ /T2+ml/u)/t 



(137) 



we can evaluate fll37p to get that 



27r^ S/3+1/2..2S/3 

r s 



E 



I ^1 

Im2 



Ks_i/2(27rr2|mim2|)e 



27rimim2Ti 



2%' 



.1-2s/3t rl-s/3 



)Tti^0,m37^0,m2 



m2 — miT 



7713 



s-1 



Ks-i{2Tc\77i3{77i2 -mir)!^) 



Now f ll36p satisfies the Laplace equation [6] 

A5L(3,Z)i?.(M)^^(3'^) = 



drdr VT2 
2s(2s-3) 



(139) 



on the fundamental domain of SL(?),'L)m- 

We can also define the Eisenstein series of order s in the anti-fundamental representation 

by 



'm. 



(140) 



E,(M-i)^^(3,z) ^ J2 (mM'i 

rhi 

where mj transforms in the fundamental representation of SL{3,Z). Now using the result 

-naG^uJ, ^ a^^/^Vd^^e""^'^'''^/" (141) 



for invertible matrices, which can be derived using Poisson resummation, we get that 

E,{M-y'^^''^^ = i5;3/2-.(M)^^(3'^). 



(142) 



Thus there is a simple relationship between the Eisenstein series for the fundamental 
and the anti-fundamental representations. 
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B Calculating Ii and 12 

Here we provide various details of calculating Ii and I2 which are needed to calculate the 
torus amplitude. 

B.l Calculating Ii 

We first evaluate (l25l) . for which we use the representation 

4:71 ^-^ \mil + nr 

for the scalar propagator on the torus. This leads to the relation [30] 

f ^ (Pu- 
JrfJ[ 

^ ^ (m,n)^(0,0) ' ' ^ ^ 



where we have used (11261) . 
Thus, 



= / n)^^(^'^) = ii + ii + ii 



(145) 

where and If are the contributions from the zero orbit, the non-degenerate orbits 

and the degenerate orbits of SL{2, Z) respectively, as mentioned in the main text. 
In order to evaluate (I145p . from (I126P we use the expression 



''2 



, ^ ^ ijji^ 5/2 

+n^^Ah y — i^5/2(27rl]2|mim2|)e2"™i'"2^\ (146) 
1 



In doing the integrals, we frequently make use of the definition 



1 /x\^ dt 



Integrating over the restricted fundamental domain Tl of SL{2,Z), we keep only the 
finite terms in the limit L — 00. The details of the calculation are very similar to [26] and 
so we only mention the results. 
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(i) The contribution from the zero orbit gives [30] 

^1 = ^2 [ ^E,{Q,Qr^^''^^ = 0, (148) 

upto L dependent terms. 

(ii) The contribution from the non-degenerate orbits gives 



J —CO Jo 2 f,-^„-^n„^n 



k>j>0,p^O 



where we have also used 



5/2 



2v^E3(f/,f/)^^(2'^) J2 If i^5/2(27rT2bA;|)e2-P^^S (149) 



i^3/2(.)^J^e-(l + ^), + 



(150) 



and the identity 



+ ^3/2 2; + y) + — ^5/2 2; + y) = \ ■ . 

y/x + y xy x'^y^ \ ir x + y 

(151) 

(iii) The contribution from the degenerate orbits gives 



-1/2 Jo "2 t~7r 



(j,p)7^(0,0) 



= ^(2C(6)T| + ^)i5;3(f/,f/)^^(^'^). (152) 
Thus from (1145^ . we get that 

= ^E3(?7,f/)^^(2,Z)^^^y^^)5L(2,Z)_ ^^53) 

B.2 Calculating 

We next evaluate (!26|) . for which we use the representation 

Inyfz/- = — ^ — e^™^^™''^/^^ + - ^ ^ ^27Tim{kQi+Reu)-2TTn2 \m.\\k-{lmu)/n2 1 Qg^^) 

for the scalar propagator on the torus. Again we write 

h = il + il + il (155) 
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where Il^ll, and /| are the contributions from the zero orbit, the non-degenerate orbits 
and the degenerate orbits of SL{2, Z) respectively, 
(i) The contribution from the zero orbit gives [30] 



^':C(2)C(3), (156) 



327r 

upto L dependent terms. This integral can be evaluated by using the Rankin-Selberg 
identity to unfold the integration over the fundamental domain to the upper half plane, 
using the Poincare series representation of the scalar propagator. 

(ii) The contribution from the non-degenerate orbits gives 

dVto f T-r (Pi 



i=l 
k>j>0,p^O 

= + + (157) 



-27riTfcp-j^|fen+i+pC/|2 



where 



mi7^0,m2^0,m37^0 



^47r/ 



2mTkp-^\kn+j+pU\^ 



k>j>0,p^O 

mm 

(4vr) 



3 



°° -^0 fe>j>0,p^O 



CmiV% ^ |r'%,(2vrT,|pA;|)e^--'=^^ (158) 



IGtt^ , \k 

p¥^o,k^o 



^ 327r 



J-oo Jo ^2 Jo Jo ^o'^ 



^ J_ ^27Tin(ri-r2)ni-2n\n\n2i\ri-ix-y)\ + \r2-ix-y)\) 
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3^2 

32^ 



/oo poo i 



c/ f i/2fi2|n|\^ (1 _e-4^l"|f^2^ 



2^21 






m 





m|3 ^^2 l- V |m| / J (1 - 2cos(27rnfii)e-2'^l"l^2 + e-^'^l^l^a) 



k>j>0,P^O 



Now using the representation [38] 



1 ^ V- (-1) 
tan-^x = 



TT 1 1 , , 

we see that only the k = and k = 1 terms in (11601) contribute to fll59p while doing the sum 
over m. While the constant term trivially vanishes, the terms for k > 2 vanish on doing 
the sum over m, because ({—2p) = for all positive integers p. Thus, using ^(0) = —1/2, 
we get that 



?2,2 



3V2 
327r2 



2e 



— 27r|n|f22 



;cos(27™fii) - e-2^l"l^2) 



1 - 2cos(27™^]l)e-2^l"|f^2 + e-4^l"lf^2 
X ^ e 

k>j>0,P^O 



-27TiTkp-^\kn+j+pU\^ 



(161) 



Now in (11611) . the terms in {. . .} are 1, and another term which exponentially decreases 
as f22 ^ oo. We call these two contributions /2'^(lonly) and /^'^(notl) respectively. 
The term involving 1 gives us 



/2'^(lonly) 



327r2 
,C(5) 



2C(2)C(3) J2 

PI 5/2 



1/2 



4f/| 



p^O,k^O 



K,/2{2nT2\pk\)e^-'P'^' 
K,/2{2TiT2\pk\)e^-'P''^-' 



(162) 



while /2'^(notl) can be expanded in a power series in e 27r|n|!^2 large and integrated 
term by term. This gives a far more complicated expression which we shall return to later. 
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Finally, the remaining expression is given by 

j2,3 ^ Yl f f/^^ f f dx [ dy 



\mim2ms\ 



We shall also return to this expression later. 

(iii) The contribution from the degenerate orbits gives 



y-i/2 Jo ^^2 ir.^i ^^2 0-,p)^(0,0) 
/3,1 + J3.2 ^ j3,3^ (164) 



where 



327^6 ^2j^2p2 



Also 



_ 27rim(x— j;)— 4-7rf22 1"| 1^— (2;— ?/)| 

... n 



X 

(j,p)^(0,0) 



= ^ V ^— r^x-ltan-if^U V e-S|l^+^^l^ (166) 

547]-2 /l^ 1^13^2 / V Iml / J ^ 

Using the representation (I160p . once again we see that only the k = and k = 1 terms 
in (I160p contribute to (I166p . Thus we get that 

= ^C(2)C(3)^i(t/, Uf'^''^^ + ^^^E,{U, Uf^(''^\ (167) 
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Also we have that 



X y- '^(Si'".)'^(Ei'i'".) ^-2,n,|.r..lB.-l.-.ll 



777.1/77.2 ^3 



X J2 e-^l^+^^' . (168) 

(j,p)5^{0,0) 

Although (11681) is a complicated expression, it is not difficult to see that the integrand goes 
as 0(e~^2) as Q2 oo, and does not involve any power law suppressed terms. Thus we 
have that 

dn^n^^'e-'^''^ e-^l^+^^l , (169) 

(j,p)7^(0,0) 

where gM,N are unspecified functions of M and A^, M is an integer, and A^ is non-zero. 

Let us denote the terms independent of Ti and f/i in the various expressions as pertur- 
bative in T and U respectively (not to be confused with string perturbation theory). Thus 
is perturbative in T, but has a non-trivial dependence on Ui. First let us consider the 
terms in I2' which are perturbative in U as well. In order to do this, we use the relation 



\j+pU\' 



(i,p)7^(o,o) 



= Ve-^ + ./^ Ve-T + V e--■^-^(-^^+^■^^)^(170) 

We now outline the principal steps to deduce the various terms on the right hand side of 
f ll70p . The first term is obtained by setting p = 0, while to obtain the remaining terms 
which have p 7^ 0, we Poisson resum on j to go to the variable j. The second term is given 
by the j = contribution, while the third term has j 7^ 0. Thus the first two terms in (I170p 
give the perturbative contributions. 
This gives 

^2'^ (pert) 



2 ._.._1^rM-n/.^(M-3)/2 l^Vuyi) ^M-i (2 1 J I \ -jj-) 



M,N 



(tt Ar-i)(^^-i)/2Tf ^ Mj I 



-^T. uN-^Y'^'-^^mu^^^^^^^ ^^^^^ 

M,N ^ ' \ ^ ^/ p_^o 
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We now fix /2'^(pert) using the constraint that the amplitude must be the same in 
the two type II string theories. Note that the perturbative parts come only from the zero 
orbit and the degenerate orbit contributions to the amplitude. Thus from the perturbative 
contributions already calculated in J2, /2'\ 12'^ we see that /2'^(pert) must contain 

_ 3C(2)C(3) 

327r2 ^ ^ 

We now argue that there are no other perturbative contributions to /a (pert). Suppose 
there are other such contributions apart from (11721) : because these are the only remaining 
ones, and they must be symmetric under interchange of f/2 and T2, they must be of the 
form 

h{U2) + KT2) + n{U2)n{T2). (173) 

i 

Thus the derivative with respect to U2 of the total perturbative contributions fll72p and 
( I173p is given by 

i 

Consider the large f/2 limit of ffTTD . Let h{U2) ~ U^, and ri{U2) ~ U^' for large f/fl 
Thus (11741) has to contain a term 

XU^-^ A- (f/2T2)^'-^ (175) 

i 

at large U2. Now consider the large U2 behavior of the U2 derivative of (I17ip . For large x, 
using the relation 

Ksix) ~ y^e-^ (176) 

we see that the second term does not contribute. On the other hand, for small x using the 
relations 

Ko{x)^~\nx- ir^(x)~^M(^|)'™ ^>0, (177) 

from the first term, we get that 

di!'\ T2^ ^ ^Mivr(M)C(2M-2) ^[/2^M-2 
^(pert)~--5:,,. + 2 J2 ^mT^ (^j ' (178) 

^ ^ N M>1,N ^ 



^^Assuming a more general behavior of the form h{U2) ~ t/^(lnC/2)'^, ri(U2) ^ t/;^* does not 
change the conclusions below. 
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which can never be of the form (I175p . Thus 

/f(pert) = -^^§^lnT,. (179) 



This contribution has a logarithmic dependence on T2 and must arise from the infinite sum 
over in (11711) . Any constant term in J2'^(pert) can be absorbed in the regularization of 
the infrared divergences. Thus we see that 

+ ^C(2)C(3) {E^iU, f/)p^i;f + E^iT, f^lf^"-^) . (180) 
Extending (I180p to its non-perturbative completion, we get that 

/2 = ^i?3(t/,f/)"^(^'")i?3(T,f)^^(2'^) 

+ ^C(2)C(3)(^i(f/,f/)^^(''^) +^i(T,f)^^(2,z)j_ (181) 

Considering the various non-perturbative contributions that have already been cal- 
culated in /|'^, /2'^(lonly), Jg'^ and Jg'^, we get all the terms in (I18ip with the precise 
coefficients apart from just one term. This term is 



5/2 



5 /2 I m 

Qo E \i K„2{27:T2\pk\)e^^'^^^^ V - "'^ir5/2(2vrT2|mn|)e2~^\ (182) 



Now (I182p depends on Ti, and thus cannot be obtained from 12'^. Thus 

j|'^(non-pert) = 0. (183) 
So (I182p must be obtained from the only remaining contributions leading to 

/2''2(notl) + j|'=^ (184) 



V^f^2^ \- \P 



2iTirnnUi 



This concludes the calculation of the torus amplitude. We have obtained some parts 
of the amplitude based on consistency and heuristic arguments, but have not explicitly 
calculated those contributions. It would be nice to calculate them explicitly. In the next 
appendix, we provide some more evidence that the extra contributions in f ll73p vanish. 
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C A self— consistency check for the torus ampUtude 



In the previous section, we have calculated the four graviton amplitude on the torus. Some 
parts of the amplitude were obtained using indirect arguments and not by explicit calcu- 
lations. We now show that the answer we got is consistent with the structure we have 
proposed for the modular form. 

We mentioned that there can be additional contributions to the torus amplitude given 
by (11731) . Let h{T,T)pert = h{T2). We now show that h{T,T) = based on very different 
considerations compared to the previous discussion. This contribution yields an additional 
term ^h(T, T) to (167|) . Repeating the arguments as before, we get back the results of section 
4, alongwith an extra equation given by 



This is, of course, solved by Ei{T,T)^^^^'^\ Thus adding Ei{T,Tf^^^'^^ + Ei{U, Uf^^^'^^ 



to the torus amplitude, we see that in nine dimensions this leads to a divergent term 



However, from ( 145|) we see that the divergence needed to produce threshold singularities 



should go as r^, and is also independent of r^. This has a different behavior than (11861) . 
thus h{T,f) = 0. 



Also the T| dependence of the torus amplitude at large T2 is inconsistent with the 
large T2 scaling behavior of the genus two and three amplitudes based on considerations of 
degeneration limits of the Riemann surfaces as discussed before, which leads to the same 
conclusion. 

The remaining terms in (11731) give an additional perturbative (in the string coupling) 
contribution to the proposed modular form 



where rj(T, T)pert = ?"i(72)- Thus rj(f/, f7) must be an SL{2,Z)u invariant modular form, 
while ^ri{T,T) must get enhanced to an SL{3,'Ij)m invariant modular form rj(M). Now 
using the symmetry under interchange of U and T, we conclude that rj(M) receives only 
one perturbative contribution at genus zero, and instanton corrections. 

On the other hand, we know that rj(M) must satisfy the Laplace equation, or a Poisson 
equation on moduli space. If it satisfies the Laplace equation, it will have two perturba- 
tive contributions, contradicting the statement above. If it satisfies a Poisson equation. 



AsLi2,z)MT^T) = 12h{T,f). 



(185) 
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considerations of supersymmetry constrain the source term to involve the modular form 
for the TZ^ interaction, namely, Es/2iM)^^^^'^\ which has a genus zero and a genus one 
contribution. Thus the solution of the Poisson equation will have more than one pertur- 
bative contribution, again contradicting the statement above. Thus rj(M) = 0, and fll73p 
vanishes. 
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